Suppose (M 2n+1 , η, g, J) is a positively oriented, metric contact manifold. More precisely, this means that η is a 1-form such that 1 n! η ∧ (dη) n = dv g , J is a skew-symmetric endomorphism of T M such that J 2 X = −X + η(X)ξ, dη(X, Y ) = g(JX, Y ), ∀X, Y ∈ Vect(M ), and ξ is the Reeb vector field determined by η(ξ) = 1, ξ dη = 0. Set V = ker η. The operator J induces an almost complex structure on V , and we get decompositions
• Can we find a contact connection ∇ and a hermitian connection A on K Suppose additionally that M is also spin. We denote by D 0 the associated spin Dirac operator. The second question we as is the following.
• Does there exist a contact connection ∇ on T M such that D(∇) = D 0 ? In other words, is there any contact connection Dirac equivalent to the Levi-Civita connection?
To address these questions we rely on the work P. Gauduchon, (see [5] or §2.1, §2.2), concerning hermitian connections on almost-hermitian manifolds. We can naturally associate two almost hermitian manifolds to M .
• The cylinderM = R × M with metricĝ = dt 2 + g and almost complex structureĴ defined byĴ∂ t = ξ,Ĵ | V = J.
• The symplectizationM = R + × M with symplectic form ω =d(tη), metricg = dt 2 + η ⊗2 + tg | V , and almost complex structureJ =Ĵ.
To answer the first question we use the cylinder case and a certain natural perturbation of the first canonical connection on (TM ,ĝ,Ĵ). This new connection on TM preserves the splitting TM = R∂ t ⊕ T M and induces a connection on T M with the required properties (see §3.1). Moreover, when M is a CR manifold this connection coincides with the Webster connection, [11, 14] .
To answer the second question we use the symplectizationM and a natural perturbation of the Chern connection on TM . We obtain a new connection onM whose restriction to {1} × M is a contact connection (see §3.3). When M is CR this contact connection is also CR, but it never coincides with the Webster connection. We are not aware whether this contact connection has been studied before.
These two connections are examples of geometric connections. In fact we prove a much stronger result.
Theorem.
(a) On any metric contact manifold there exists a nice contact connection adapted to H and a nice contact connection Dirac equivalent to the Levi-Civita connection. If the manifold is CR these connections are also CR.
(b) On a CR manifold each Dirac equivalence class of connections contains at most one nice CR connection. Moreover, the Webster connection is the unique nice CR connection adapted to H.
Finally, we present several Weitzenböck formulae involving the operator H (see §3.2). We expect these facts will have applications to three dimensional Seiberg-Witten theory. The Levi-Civita connection, denoted by D in the sequel is the metric connection uniquely determined by the condition T (D) = 0. Any metric connection ∇ can be uniquely written as D + A, where A ∈ Ω 1 (End − (T M )), where End − denotes the space of skew-symmetric endomorphisms. A is called the the potential of ∇.
There are natural isomorphisms
Since all the computations we are about to perform are local we can assume that M is equipped with a spin structure and we denote by S the associated complex spinor bundle 1 . We have a Clifford multiplication map c : Ω * (M ) → End(S).
A hermitian connection∇ on S is said to be compatible with the Clifford multiplication and the metric connection ∇ on T M if
We denote by A ∇ = A ∇ (S) the space of hermitian connections on S compatible with the Clifford multiplication and ∇.
is an affine space modelled by the space iΩ 1 (M ) of imaginary 1-forms on M .
Since both∇ i , i = 0, 1, are compatible with the Clifford multiplication and ∇ we deduce that for every X ∈ Vect (M ) the endomorphism C(X) := X C commutes with the Clifford multiplication.
Since the fibers of S are irreducible Clifford modules we deduce from Schur's Lemma that C(X) is a constant in each fiber, i.e C ∈ Ω 1 (M )⊗C. Since both∇ i are hermitian connections we conclude that C must be purely imaginary 1-form. 
where∇ ∈ A ∇ (S) for some metric connection ∇ on T M . The geometric Dirac operator is called nice if it is formally self-adjoint.
Locally, a geometric Dirac operator has the form
Every metric connection ∇ canonically determines a connection∇ ∈ A ∇ (S) locally described as follows. If the so(n)-valued 1-form ω associated by the frame (e i ) to the connection ∇ is defined by
then the induced connection on S is given by the End − (S)-valued 1-form (see [9] )
We set D(∇) := D(∇) and D 0 := D(D). D 0 is the usual spin Dirac operator. We see that every geometric operator has the form
where ∇ is a metric connection on M and a ∈ Ω 1 (M ). The connection ∇ is called nice if D(∇) is nice. We denote by A nice (M ) the space of nice connections on M .
Proposition 1.5. The connection ∇ with torsion T is nice if and only if tr T † = 0.
Proof Note that
We have (at x 0 )
Thus ∇ is nice if and only if
We compute easily that
This concludes the proof of the proposition.
Proof Observe that
so that
Since tr A = 0 we deduce that the contributions corresponding to triplets (i, j, k) where two entries are identical add up to zero. Hence
The above result can also be rephrased in the language of superconnections described e.g. in [1] . Suppose ̟ ∈ Ω 3 (M ). The operator d + c(̟) is a superconnection on the trivial line bundle C. Taking the tensor product it with the connectionD on S we obtain a superconnection on S = C ⊗ S
The Dirac operator determined by this superconnection is
Two connections ∇ 0 , ∇ 1 ∈ A nice (M ) will be called Dirac equivalent if
The above results show that two connections ∇ 0 and ∇ 1 are Dirac equivalent if and only if
The following classical result is the basis of all the constructions in this section. We include here a proof because of its relevance in the sequel.
Suppose L is a generalized Laplacian on E. Then there exists a unique hermitian connection∇ on E and a unique selfadjoint endomorphism R of E such that
We will refer to this presentation of a generalized Laplacian as the Weitzenböck presentation of L.
Proof Choose an arbitrary hermitian connection ∇ on E. Then L 0 = ∇ * ∇ is a generalized Laplacian so that L − L 0 is a first order operator which can be represented as
where
is a bundle morphism and B is an endomorphism of E. We will regard A as an End (E)-valued 1-form on M . Hence
The connection ∇ induces a connection on End(E) which we continue to denote with ∇ ∇ :
We define the divergence of A by
If (e i ) is a local synchronous frame at x 0 and, if A = i A i e i , then, at x 0 , we have
We seek a hermitian connection∇ = ∇ + C , C ∈ Ω 1 (End (E)) and an endomorphism R of E such that∇
We set C i := e i C so that we have the local descriptioñ
Then, as in [9] , Example 9.1.26, we deduce that, at x 0
We deduce immediately that
The proposition is proved.
If D is a geometric Dirac operator on S then both D * D and DD * are generalized Laplacians. Suppose now that ∇ is a nice connection on our spin manifold (M, g). It determines a nice Dirac operator D(∇). We denote by ∇ w and respectively R ∇ the Weitzenböck connection and respectively remainder of the generalized Laplacian D(∇) 2 . A classical result of Lichnerowicz states that if ∇ is the Levi-Civita connection then ∇ w =∇ and R = s 4 , where s is the scalar curvature of the Riemann metric g. When ∇ is not symmetric the situation is more complicated. We will present some general formulae describing ∇ w and R.
denotes the curvature of∇. We need to better understand the quantity A (the coefficient of the first order part of D 2 ) which at x 0 is defined as
Using (1.6) we deduce
(switch the order of summation in the first term)
We deduce
Using the equalities (1.10) we reach the following conclusion. Proposition 1.9. We have the Weitzenböck formula
(1.12)
where T denotes the torsion of ∇ andR the curvature of∇.
Remark 1.10. Observe that ∇ w is the connection on S induced by the nice connection
The Weitzenböck remainder can be given a more explicit description. More precisely we know from Proposition 1.6 that
We set ̟ := 
where • denotes the pointwise norm of a differential form and s denotes the scalar curvature of g. The following result summarizes the main facts we proved so far. 
and
The last theorem has an obvious extension where we replace S by the complex spinor bundle S σ determined by a spin c -structure σ on M . This case requires the choice of a hermitian connection on the line bundle det S σ . In the spin case det S ∼ = C and the additional hermitian connection on the trivial line bundle is encoded by the imaginary 1-from ia appearing in the statement of Theorem 1.11.
2 Dirac operators on almost-hermitian manifolds §2.1 Basic differential geometric objects on an almost-hermitian manifolds In this subsection we survey a few differential geometric facts concerning almost complex manifolds. For more details we refer to [5, 7, 8] which served as sources of inspiration.
Consider an almost-hermitian manifold (M 2n , g, J). Recall that this means that (M, g) is a Riemann manifold and J is a skew-symmetric endomorphism of T M such that J 2 = −1. Fix x 0 ∈ M and (e 1 , f 1 , · · · , e n , f n ) a local, oriented orthonormal frame of T M . We also assume it is adapted to J that is
We denote by (e 1 , f 1 , · · · , e n , f n ) the dual coframe. Let i := √ −1 and fix one such adapted local frame. We split T M ⊗ C into ±i-eigen-subbundles of J, T M 1,0 and T 0,1 . These are naturally equipped with hermitian metrics induced by g and have natural local unitary frames near p 0
Form by duality T * M 1,0 and T * M 0,1 with local unitary frames given by
and respectively,ε
We have unitary decompositions
We denote by P p,q the unitary projection onto Λ p,q and definē
The space Ω 3 (M ) ⊗ C splits unitarily as
Finally, introduce the involution M on Ω 2 (T * M ) defined by
MB(X; Y, Z) = B(X; JY, JZ).
Observe that
We denote by Ω 1,1 (T * M ) the 1-eigenspace of M and by Ω 1,1
We denote by D the Levi-Civita connection determined by the metric g and by ω the fundamental two form defined by
Locally we have
The Lee form θ determined by (g, J) is defined by
where Λ denotes the contraction by ω, Λ = (ω∧ ) * , and J acts on the 1-form α by
We have the following identity
The form ω determines the skew-symmetric part of N † via the identity
The almost complex structure defines a Cauchy-Riemann operator
defined by
We will denote the above connection by ∇(ψ + , B). When B = 0 we write ∇(ψ + ) instead of ∇(ψ + , B). Observe that if T is the torsion of ∇(ψ + , B) then
Using the formulae [5, (1.3.5), (1.4.9)] and the equality ψ + = bMψ + , ∀ψ + ∈ Ω + we deduce that
Since tr N † = 0 we deduce that the trace of the torsion of ∇(ψ + , B)
Example 2.1. The first canonical connection (see [5, Sec. 2.5] or [8] ) is the Hermitian connection ∇ 0 defined by B = 0 and
In general, it is not a nice connection since tr
Example 2.2. The Chern connection or the second fundamental connection, [5, 8] , is the unique Hermitian connection ∇ on T M such that
We will denote it by ∇ c . Alternatively (see [5, Sec. 2.5]), it is the hermitian connection defined by B = 0 and
In general, it is not a nice connection since tr T † c = −θ. §2.2 The Hodge-Dolbeault operator The almost hermitian manifold M is equipped with a canonical spin c structure and the associated complex spinor bundle is
Note that det S c = K 
We have the following result [2, Thm.2.2] and [5, Sec.3.6] .
Using Theorem 1.11 we deduce that H J is a geometric Dirac operator, more precisely H J is induced by ∇ ⊗ 1 + 1 ⊗ det ∇ c , where ∇ is the connection
with torsion
A stronger result is true. Using the results in the previous subsection we deduce the following result. Proof Since ∇ b = ∇(ψ + , B) is strongly Dirac equivalent to ∇ we deduce that its torsion satisfies
Thus we need to choose ψ + = − The torsion of a basic connection ∇ b (B) is
Observe also that the first and second fundamental connection coincide of an almost Kähler structure coincide and they are both basic. They are precisely the connections used by Taubes, [13] , to analyze the Seiberg-Witten monopoles on a symplectic manifold. For any basic connection ∇ b we have the following identities ([5, Sec.
3 Dirac operators on contact 3-manifolds §3.1 Differential objects on metric contact manifolds We review a few basic geometric facts concerning metric contact manifolds. For more details we refer to [3, 12] .
A metric contact manifold (m.c. manifold for brevity) is an oriented manifold of odd dimension 2n + 1 equipped with a Riemann metric g and a 1-form η such that
• |η(x)| g = 1, ∀x ∈ M . Denote by ξ ∈ Vect (M ) the metric dual of η and set V := ker η ⊂ T M . V is a hyperplane sub-bundle of T M and we denote by P V the orthogonal projection onto V .
• There exists J :
) is a metric conection such that ∇J = 0 = ∇ξ.
The manifold M is called positively oriented if the orientation induced by the nowhere vanishing (2n + 1)-form η ∧ (dη) n coincides with the given orientation of M . In this case
The metric g is completely determined by η and J via the equality
We have decompositions
and we set
The operator Φ is a traceless, symmetric endomorphism of V (see [3] ). Since L ξ (J 2 ) = 0 we deduce
Define the Nijenhuis tensor N ∈ Ω 2 (T M ) by
Notice that
(M, g, η) is a Cauchy-Riemann manifold (CR for brevity) if and only if JN (X, Y ) = 0, ∀X, Y ∈ C ∞ (V ). Equivalently, this means, and
In this case, the Nijenhuis tensor can be given the more compact description
In particular, M is a CR manifold when dim M = 3. Arguing exactly as in [3, p.53 ] we obtain the following result.
To each metric contact manifold M we can associate an almost Hermitian manifold (M ,ĝ,Ĵ) defined as follows.M
We will denote byd the exterior differentiation onM . If we set
We deduce that the Lee form θ = Λ(−dt ∧ dη) is −ndt. We will work with local, oriented orthonormal frames (e 0 , f 0 , e 1 , · · · , e n , f n ) adapted toĴ such that
We have the following result, [3] .
Hence
We want to find B ∈ Ω 1,1 s (T * M ) such that tr B = − n 2 dt and the basic connection it induces on T * M is compatible with the splitting ∂ t ⊕ T M . The torsion of such a connection iŝ
Thus bT † b = η ∧ dη. Using Proposition 1.2 we deduce that ∇ b = D + A where
Thus, for all X, Y ∈ Vect (M ) which are t-independent we havê
we deduceĝ
Similarly, we deduceĝ
Since ∇ b is a metric connection we deducê
On the other hand, ∀X, Y ∈ Vect(M ) we havê
where 
We need to show that this definition is correct, i.e. the above B satisfies all the required conditions (3.2a), (3.2b) and
Here the elementary properties in Lemma 1.1 will come in handy. Since Φ and JΦ are symmetric and traceless we deduce that tr B 0 = 0, bB 0 = 0.
The condition B 0 ∈ Ω 1,1 follows from the identity φJ = −JΦ. Now observe that B 1 ∈ Ω 1,1 and
Finally η ⊗ dη ∈ Ω 1,1 , it is traceless and
The condition (3.2b) follows by direct computation. The Lemma follows putting together the above facts.
If we choose B as in Lemma 3.4 we deducê
The above computations show that the basic connection ∇ b of (M ,ĝ,Ĵ ) determined by B 0 preserves the orthogonal splitting TM = ∂ t ⊕ T M and thus induces a nice contact metric connection ∇ w on T M . We will call ∇ w the generalized Webster connection of M for reasons which will be explained below. To compute its torsion observe that
Since on M we have the equality JP V = J, the torsion T w of ∇ w given by
Moreover, bT w = η ∧ dη. Suppose now that M is a CR-manifold. Then
and thus
In particular, because the distribution V 1,0 is integrable we deduce
A contact metric connection with the above property will be called a CR metric connection. Next observe that for X, Y ∈ C ∞ (V ) we have
Since ΦJ = −JΦ we deduce
Using [12, Prop. 3 .1], we deduce that when M is a Cauchy-Riemann manifold, the connection ∇ w on (V, J) is the Tannaka-Webster connection determined by the CR structure (see [4, 11, 12, 14] for more details). The generalized Webster connection we have constructed does not agree with the generalized Tannaka connection constructed by S.Tanno in [12] because that connection is not compatible with J if M is not a CR-manifold.
Finally let us point out that when M is a CR manifold then
Example 3.5. We consider in great detail the special case of a metric, contact, spin 3-manifold M . M is automatically a CR-manifold so that the torsion of the (geberalized) Webster connection satisfies
The spin Dirac operator D 0 on M is related to the Dirac operator D(∇ w ) by the equality Later on we will need to compare the connections det ∇ c and det ∇ b induced by the Chern connection ∇ c and respectively
Proof Denote by ∇ 0 the first fundamental connection of (M ,Ĵ). We have
where B is described in Lemma 3.4. Set δ := ε 0 ∧ ε 1 ∧ · · · ∧ ε n . Then for every vector field X onM we have
where g c denotes the complex bilinear extension of g.
The equality
We see that tr JB X = 0 only if X = ξ in which case shows that the sum (3.4) is n. Hence
On the other hand we have the identity, [5, Eq. (2.7.6)],
Corollary 3.7.
Geometric Dirac operators on contact manifolds Consider the Hodge-Dolbeault operatorĤ onMĤ
It is a geometric Dirac operator and it iŝ 
Above, ε k • denotes the odd derivation of Ω 0, * (M ) uniquely determined by the requirements
We want to point out that
We set
Note thatŜ
The metric contact structure on M produces a U (n)-reduction of the tangent bundle T M which in general has only a SO(2n + 1)-structure. This U (n)-reduction induces a spin c structure on M and S c is the associated bundle of complex spinors and
The Clifford multiplication on S c is defined by the equality
Along M we can identifyŜ − c with J S + c and as such J we can write.
We can view the Hodge-Dolbeault operator as an operator on S c ⊕ S ĉ
H is the geometric Dirac operator induced by∇ w ⊗ 1 + 1 ⊗ det ∇ c . We want to provide a more explicit description of the operator H. Observe that
We can represent ψ ∈ C ∞ (Ŝ + c ) as a sum
The above decomposition can be alternatively described as follows. The operator
Thus, for every φ ∈ Ω 0, * (V * ) we have
This shows that the above decomposition is defined by the ±1 eigenspaces of the involution c(η). The restriction of the operator∂ :
Note that∂
We will regard∂ 0 and∂ V as operators
Pick a t-independent section ψ = C ∞ (Ŝ + c ). It decomposes as
We have the equalitŷ
We compute
To proceed further we need to provide a more explicit description for∂ * (ε 0 ) * ψ − . We denote by •, • M the L 2 -inner product on M . For every t-independent compactly supported α ∈ Ω 0,odd (M ) we have α = α − +ε 0 ∧ α + , α ± ∈ Ω 0,odd/even (V * ), and
In block form
The above equality can be further simplified as follows.
On the other hand, the identity (2.2a) implies
Since div g ξ = 0 the operator i∇ w ξ is symmetric and so must by iL V ξ . Hence∂ * 0 φ = iL V ξ and
We will refer to H as the contact Hodge-Dolbeault operator. The next result summarizes the results we have proved so far.
is a metric contact manifold, V := ker η. Denote by S c the bundle of complex spinors associated to the spin c structure determined by the contact structure. Denote the corresponding Clifford multiplication by c.
We decompose (iv) Using the identity F (det ∇ c ) = F (det ∇ w )+ ni 2 dη, we deduce that H satisfies a Weitzenböck formula
In particular, if dim M = 3 (so that n = 1 and c(η ∧ dη) = −1) we have
We want to discuss in more detail the case dim M = 3. In this case Λ 0,even V * ∼ = C and Λ 0,odd (V * ) ∼ = K −1 M . The above geometric Dirac operator has the simpler form
Note that along M we have∂ 0 = i √ 2 ∂ ξ . We have H 2 = Z 2 + T 2 + {Z, T }, where {•, •} denotes the anti-commutator of two operators. In this case
The above commutators can be further simplified using the identity (2.2a) of §2.1. In this case the Lee 1-form onM is dt. The equality (2.2a) implies that for every t-independent φ ∈ Ω 0, * (V * ) ⊂ Ω 0, * (M ) we havē
where F b denotes the curvature of the ∇ b . Denote by T b the torsion of ∇ b . Observe that
where Φ c is the complexification 2 of Φ. The differential operator by T is trivial when Φ = 0, which in the 3-dimensional case is equivalent to M being Sasakian or toĴ being integrable. Putting together all the above facts we obtain
We conclude
The zero order operator above can be further simplified by observing that
Above we denoted by F w the curvature of ∇ w as a connection on the hermitian line bundle (V, J)
M . To get a more suggestive description we write
where a, b are locally defined real valued functions. Then
The last term can also be described as −iP V ( * F w ), where P V denotes the orthogonal projection T M → V * , and * denotes the complex linear extension of the Hodge operator. The above facts now yield the following commutator identities.
{Z, T } = c P V * F w + 2T, (3.6a) 
The operators Z A and T A satisfy the anticommutation rule
whereT A is defined asT using instead the operator
The curvature F w has the local description
Up to a positive multiplicative constant (depending on various normalization conventions) the scalar ρ is known as the Webster scalar curvature. We refer to [4] for more details. §3.3 Connections induced by symplectizations The symplectization of the positively oriented metric contact manifold (M 2n+1 , η, g, J) is the manifoldM = R + × M equipped with the symplectic form
If we denote byd the exterior derivative onM then we can writẽ ω =d(tη).
M is equipped with a compatible metric
We denote byJ the associated almost complex structure. We will identify M with the slice {1} × M ofM . If we fix as before a local, oriented, orthonormal frame ξ, e 1 , f 1 , · · · , e n , f n compatible with the metric contact structure on M then we get a symplectic framẽ
The dual coframe is
We denote byÑ the Nijenhuis tensor ofJ and byN the Nijenhuis tensor of the almost complex manifold (M ,Ĵ ) used in §3.1. The Chern connection∇ c of (M ,g,J) is the metric connection with torsionT =Ñ . In this case
Observe thatJ =Ĵ. We deduce that for j, k = 1, · · · , n we havẽ
Denote byD the Levi-Civita connection determined byg. It determined by (see [9] )
We deduce from the above identity that if X, Y are t-independent vectors tangent along M
As in §3.1 we want to alter∇ c by B ∈ Ω s (T * M ) and tr B 1 = 0. The conditions (3.9a) and (3.9b) can now be verified by direct computation. We can now conclude that if
then the connection∇ b with torsionÑ † + B satisfies the conditions (3.8). These conditions show that∇ b induces,, by restriction to each slice {t} × M , a connection ∇ t on T M . The torsion of ∇ 1 = ∇ t=1 is given by The above sum is nontrivial only for X = ξ in which case it is equal to 3n. We conclude that det ∇ 1 = det ∇ w + 3niη. Uniqueness results The constructions we performed in the previous subsection may seem a bit ad-hoc but as we will show in this section they produce, at least for CR manifolds, connections uniquely determined by a few natural requirements. Thus ψ + is uniquely determined. Moreover, since ∇ is a CR connection we deduce that g(X, T (Y, Z)) = 0, ∀X, Y, Z ∈ C ∞ (V ).
Since the restriction of ∇ b to M is also a CR connection we deduce S(X; Y, Z) = 0, ∀X, Y, Z ∈ C ∞ (V ).
Thus the restriction of B to V is uniquely determined. The condition B ∈ Ω 1,1 s (T * M ) coupled with ( * ) show that the restriction of B to R∂ t ⊕ Rξ ⊂ TM is also uniquely determined. This concludes the proof of Proposition 3.13.
Remark 3.14. We can use Gauduchon's description of the hermitian connections on TM to completely characterize which Dirac equivalence classes of connections on T M contain nice CR connections.
Corollary 3.15. The Webster connection on a CR manifold is the unique CR connection adapted to H. Moreover, the connection ∇ 1 of §3.3 is the unique nice CR connection with torsion satisfying bT † = 0.
